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1 Introduction

The goal of this seminar is to read the article [5]. By studying the p-adic deformation properties of
algebraic cycles (modulo rational equivalences), they show that the crystalline Chern character of a vector
bundle lies in a certain part of the Hodge filtration if and only if the vector bundle lifts to a formal pro-class
in K-theory on the p-adic scheme. This is part of the p-adic analogue of Grothendieck’s variational Hodge
conjecturs [12, Note 13].

2 Suggested planning for the talks
These are just some suggestions.
2.1 Introduction (23rd Jan. 2013)

Follow the introduction of [5].

e The variational Hodge conjecture [12, Note 13], [5, Conj.1.1].

e How this can be deduce from the Hodge conjecture.

The p-adic variational Hodge conjecture [9], [8], [5, Conj.1.1].

e The case of line bundles, strategy of [5].

Main result [5, Theorem 1.3].

2.2 The de Rham and de Rham-Witt complex (30th Jan. 2013)
Technical properties of the de Rham and de Rham-Witt complexes [5, Section 2].

e Recall the etale and Nisnevich sites [19], and Dy (X1 )esNis — the category of pro-systems in the
derived category (see also [5, Appendix A,B]).

e Definition of subcomplexes p(r)Q%, C Q%,, q(r)WeQ% C WeQ% and of the logarithmic sub-
sheaves WoQy |, C Welll .

log

e Comparison isomorphisms in Dpro(X1)nis: %, — WeQ%, and p(r)Q%, = q(r)WeQ%,.
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2.3 The syntomic complex Gy, (r) of FOntaine-Messing (6th Feb. and 13th
Feb. 2013)

Cover Sections 3, 4 and 5 of [5].
e The syntomic (étale and Nisnevich) complex — [5, Def. 3.2].
e Distinguished triangle for &x, (r) ([5, Theo. 4.4]).

e Description of the connecting morphism ([5, Theo. 5.1]).

2.4 The motivic complex of Suslin-Voevodsky (20th Feb 2013)

The definition of the motivic complex Z(r) (existence conjectured by Beilinson and Lichtenbaum) on the
big (Zariski or Nisnevich) site. In preparation for the construction of the motivic procomplex, we consider
also the restriction Zx, (r) of Z(r) to the smal Nisnevich site of Xj.

e Motivations - axiomatic conditions, comparison results (e.g. [10, Introduction| or [17, Preface]).

e Category of finite correspondences, presheaves with transfers, simplicial presheaves [17, Lect. 1 and
2].

e Formal definition of Z(r) and Zx. Elementary properties [17, Lect. 3] [20, Section 3].

2.5 Milnor K-theory and Chow groups (27th Feb. 2013)

The connections between Z(r), Milnor K-theory and Chow groups.
e Milnor K-groups and K-sheaves (see also [5, Section 11]).
e Milnor K-theory and the motivic complex ([20, Theo. 3.4], [17, Lect. 5], [16, Theo. 7.6], [5, (6.3)]).
e Chow groups and the motivic complex ([16, Theo. 7.5], [17, Lect. 19]).

2.6 The motivic pro-complex Zy,(r) (6th Mar. 2013)
Cover Section 6 of [5].

e Definition of the motivic pro-complex.

e Basic properties.

e Motivic fundamental triangle.

2.7 Continuous cohomology (20th Mar. 2013)

Introduce continuous cohomology after Jannsen (the case of projective systems of sheavs on the étale site
of a scheme) [15]. The presentation in [5, Appendix B] is a little different.

e Motivations.
e Definition [15, Sections 1,2,3].

e Cup product and Chern classes [15, Sections 3 and 6]. Jannsen treats the ¢-adic continuous coho-
mology, whereas we will need this formalism for crystalline cohomology.
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2.8 Crystalline Hodge Obstruction (27th Mar. 2013)

Cover Section 7 of [5]. One of the main ingredients in the proof of the main result.

e Recall: comparison between crystalline cohomology and continuous de Rham-Witt cohomology.

e Continuous Chow groups.

Construction of crystalline cycle class maps and refined crystalline cycle classes.

Hodge classes (Def. 7.3) and connection to initial definition in [5, Conj. 1.2].

e First main result: Theorem 7.4.

2.9 Continuous K-theory and Chern classes (3rd April 2013)

Cover [5, Section 8]. Quillen’s +- and Q-construction for the K-theory of p-adic formal schemes. Universal
Chern classes.

e Continuous K-theory.

e Construction of univesal classes by Gillet.

2.10 Results from topological cyclic homology (10th April 2013)
Cover [5, Section 9]. Results due to McCarthy, Madsen, Hesselholt, Geisser,. ..

2.11 Chern character isomorphism (17th April 2013)

Cover [5, Section 10]. Second ingredient to the main result.

e Proof of Theorem 10.1.

e Combine Theorems 7.5 and 10.1 to obtain main result.

2.12 Variational p-adic Hodge conjecture for line bundles. (24th April 2013)
If there is time left at the end. Proof of [4, Theorem 3.8]. See as well [7].
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